Abstract: We establish reflection positivity for Gibbs trace states defined by a certain class of Hamiltonians that describe the interaction of Majorana fermions on a lattice. These Hamiltonians may include many-body interactions, as long as the signs of the associated coupling constants satisfy certain restrictions. We show that reflection positivity holds on an even subalgebra of Majorana fermions.
I. Introduction
Reflection positivity plays an important role in analysis of spin systems and quantum fields. Osterwalder and Schrader discovered this property in their study of classical fields on Euclidean space [8] , where it provided the key ingredient to construct a quantum-mechanical Hilbert space and a positive Hamiltonian acting on that space. The same condition is useful in the analysis of lattice models for boson or fermion spins [2, 6, 7] , and for the study of lattice gauge theory [9] . Reflection positivity bounds played a crucial role in giving the first mathematical proof of phase transitions in quantum field theory [4] . Other reflection positivity bounds featured in the analysis of phase transitions in lattice spin systems [2] . In this paper we prove reflection positivity for trace functionals defined by a certain class of interactions of Majorana fermions on a lattice.
Majorana interactions arise as fermionic representations of certain lattice spin systems [5] . Elsewhere we have studied certain quantum ladders, which are of interest in quantum information theory [1] . In this analysis we use reflection positivity for Majorana fermions. These examples have some features similar to lattice gauge theory, but have the additional fermionic complication that the basic variables anti commute at different sites, rather than commute. In addition, as they describe neutral particles, rather than charged particles, one does not have the useful charge-conservation symmetry to aid in their analysis.
II. Definitions and Basic Properties
Majorana fermions on a lattice are a self-adjoint representation of a Clifford algebra with 2N generators c i . They satisfy {c i , c j } = 2δ ij , c * i = c i , for i, j = 1, . . . , 2N .
(II.1)
One can realize 2N Majorana fermions in a standard way on a complex Hilbert space of dimension 2 N , and we use this representation. Start with the real Hilbert space H r = ∧R N , the real exterior algebra over R N . Let a * j denote the linear transformation on H r given the exterior product e j ∧ with the j th basis element e j in R N . These operators and their adjoint a j are N fermionic creation and annihilation operators. Let H denote the complexification of H r and define the Majorana operators c 2j−1 , c 2j as linear combinations, c 2j−1 = a j + a * j and c 2j = i a j − a * j . Thus our odd indexed Majoranas are real and the even Majoranas are purely imaginary.
We consider the index j of the Majoranas to have a geometric significance as an element of a simple cubic lattice Λ = Λ − ∪ Λ + . We assume that Λ is invariant under a reflection ϑ in a plane Π normal to a coordinate direction and intersecting no sites in Λ, so ϑ(Λ) = Λ. Here Λ ± denotes the sites on the ± side of Π. We assume that the reflection ϑ maps Λ ± into Λ ∓ .
For any subset B ⊂ Λ, let A(B) denote the algebra generated by the c j 's with j ∈ B. Let A = A(Λ) and A ± = A(Λ ± ). Also introduce the even algebras A(B)
even , as the subset of A(B) generated by even monomial in the c j 's with j ∈ B. Note that A even is not abelian, but A even (B) commutes with A even (B ′ ) when B ∩ B ′ = ∅.
II.1. Anti-Unitary
Transformations. An antilinear transformation Θ on the finitedimensional complex Hilbert space H has the property Θ(f + λg) = Θf +λΘg for f, g ∈ H and λ ∈ C. Hereλ denotes the complex conjugate of λ. Assuming H has the hermitian inner product · , · , the adjoint Θ * of Θ is the anti-linear transformation f, Θ * g = g, Θf .
(II.2)
Also Θ is said to be anti-unitary if for all f, g ∈ H,
As a consequence an anti-unitary satisfies ΘΘ * = Θ * Θ = I or Θ * = Θ −1 . We are especially interested in an anti-unitary representation of the reflection ϑ on H, which we also denote by ϑ. The anti-unitary ϑ defines an anti-linear map on A, with ϑ : A ± → A ∓ with the property
By the general properties of the anti-unitary ϑ,
Thus the Clifford algebra relations are also satisfied by ϑ(c j ),
In our representation of A each Majorana c j is real or imaginary, so
It is no complication to allow a set of n Majorana operators at each lattice site i.
III. Hamiltonians
We consider self-adjoint Hamiltonians of the form 
We assume that H 0 has the form
and
The Hamiltonian H 0 is self-adjoint and reflection-symmetric,
Each term in the sum (III.3) defining H 0 is self-adjoint. In fact
So from i σ(I) = (−1) σ(I) i σ(I) , and (−1)
Here we use the fact that the |I| Majoranas in C I all anti-commute with the ones in ϑ(C I ), yielding another factor (−1) |I| in the final equality.
Assumptions on the Couplings: We require that the sign of the couplings J I ϑI in (III.3) satisfy all J I ϑI 0 , or all J I ϑI 0 , for terms with σ(I) = 1 all J I ϑI 0 , for terms with
We restrict the sign of couplings only for interaction terms (III.3) that cross the plane Π. Nearest-neighbor two-body interactions have σ(I) = 1.
IV. Monomial Basis
The 2N operators c i yield monomials of the form 
The monomials M β are an irreducible set of matrices.
Proof. If deg M β is odd, there is at least one of the c's, say c j , not contained in
On the other hand, if deg M β = 2k > 0, and c j does occur in M β , then also
Thus we have verified the first statement in the proposition. Also M * β M β = I, and M *
Taking the trace shows that a β ′ = 0, so the M β are actually linear independent. As there are 2 2N matrices M β , they are basis for all matrices on H.
Expanding an arbitrary matrix A in this basis, we calculate the coefficients in (IV.1) using Tr I = 2 N . As the set of all matrices on H is irreducible, the basis M β is also irreducible.
V. Reflection Positivity
In this section we consider traces on the Hilbert space H = ∧C N .
Proposition 2 (Reflection Positivity I) Consider an operator A ∈ A ± , then
Proof. The operator A ∈ A ± can be expanded as a polynomial in the basis M β of Proposition 1. The monomials that appear in the expansion all belong to
We now consider the case A ∈ A − . Let ι β denote the number of purely-imaginary
(V.3) Since M β ∈ A − and M ϑβ ′ ∈ A + , they are products of different Majoranas. We infer from Proposition 1 that the trace vanishes unless β = ϑβ ′ = 0. As ι 0 = 0,
as claimed.
This reflection positivity allows one to define a pre-inner product on A ± given by
This pre-inner product satisfies the Schwarz inequality
In the standard way, one obtains an inner product A, B RP and norm A RP by defining the inner product on equivalence classes A = {A + n} of A's, modulo elements n of the null space of the functional (V.5) on the diagonal. In order to simplify notation, we ignore this distinction.
VI. The Main Result
Here we consider reflection-positivity of the functional
that is linear in A and anti-linear in B. Proof (of Theorem 3). Our argument is motivated by [2, 6] , but has its own special features. Take A ∈ A even − . Use the Lie product formula for matrices α 1 , α 2 , and α 3 in the form
This is norm-convergent for matrices. Take α 1 = −H 0 , α 2 = −H − , and α 3 = −H + = −ϑ(H − ) in (VI.12). Here H 0 is defined in (III.3), and it can be written
Here we label the non-empty subsets of Λ − by I ℓ , for ℓ = 1, . . . , L − 1, with L = 2 |Λ−| . Label the empty subset ∅ by I 0 . The sum (III.3) defining H 0 ranges over the non-empty subsets. Then using (VI.12),
where
(VI.15) One can include the term I in the sums in (VI.15) by defining −J ∅ ϑ∅ = k, C ∅ = C ϑ∅ = I, and n(I ℓ0 ) = n(∅) = 0. Then
In the second equality we have expanded the expression into a linear combination of L k terms with coefficients
and with
(VI.18) Using this expansion, (VI.14) can be written
is an even integer. In this case, We next show that 0 c ℓ1,...,ℓ k . Suppose the interaction term C I ℓ j ϑ(C I ℓ j ) occurs as a factor in A ϑ(A) Y ℓ1,...,ℓ k and has σ(I ℓj ) = 0. Then the restriction on the coupling constants (III.8) means that 0 −J I ℓ j ϑI ℓ j . On the other hand, the condition (VI.21) on σ(I ℓj ) means that an even number of interaction terms in A ϑ(A) Y ℓ1,...,ℓ k have σ(I ℓj ) = 1. From the restriction (III.8), we infer that these couplings all have the same sign. Hence the product of the negative of these coupling constants is also positive. Finally we use 0 < J ∅ ϑ∅ to complete the proof. 
Proof. As e −H+/k = e −ϑ(H−)/k = ϑ(e −H−/k ), the product Y ℓ1,...,ℓ k in (VI.18) differs from the product D ℓ1,...,ℓ k ϑ(D ℓ1,...,ℓ k ), only in the order of its factors. In order to transform from one product into the other, we need to move all the Majorana operators of Y ℓ1,...,ℓ k that are localized in A − to the left, and all operators of Y ℓ1,...,ℓ k in A + to the right. We move each operator c j as far as possible to the left, without permuting the order of any operator in A − . As H + ∈ A even + , it commutes with each c j ∈ A − . Likewise H − ∈ A even − , it commutes with each c j ∈ A + . This procedure neither changes any of the exponentials e −H±/k . It gives rise to a minus sign only each time we permute a c j in an interaction term to the left past an operator ϑ(c j ′ ) in another interaction term.
We count the minus signs that occur from permuting the c's in the interaction terms. In order to simplify notation, let n ℓi = n(I ℓi ). The term C I ℓ 1 ϑ(C I ℓ 1 ) contributes no minus sign. The term C I ℓ 2 ϑ(C I ℓ 2 ) contributes n ℓ2 n ℓ1 minus signs. The term C I ℓ 3 ϑ(C I ℓ 3 ) contributes n ℓ3 (n ℓ1 + n ℓ2 ) minus signs. The term C I ℓ 4 ϑ(C I ℓ 4 ) contributes n ℓ4 (n ℓ1 + n ℓ2 + n ℓ3 ) minus signs, and so on. Finally, the term
n ℓi minus signs. Adding these numbers, one obtains a total number of minus signs equal to
(VI.24) Here N is defined in (VI.20). We infer that
The overall sign arising from the permutation of the c's in going from (VI.18) to (VI.22) is (−1) raised to the power (VI.25). This is (−1)
(VI.26)
In the second equality we use an identity for natural numbers n, namely
In the final equality we use the definition σ ℓi = n ℓi mod 2.
Completion of the proof of Theorem 3. In case Tr(A ϑ(A) Y ℓ1,...,ℓ k ) = 0, we infer from(VI.19) along with Lemmas 5 and 6 and the fact that ϑ(A) commutes with 
VII. Relation to Spin Systems
It is well-known that the ferromagnetic Ising model is reflection-positive, but the quantum Heisenberg model is not reflection-positive [2] . We can also infer these facts from the point of view of Majorana fermions. One can use a Majorana representation of spin Hamiltonians studied by Kitaev [5] . Introduce four Majorana operators b This satisfies condition (III.8) with k = 2 and σ = 0. Similarly, the quantum "rotator" Hamiltonian has an interaction term,
This also satisfies condition (III.8), and so is reflection-positive. The corresponding quantum Heisenberg interaction term is, 
VIII. Reflection Bounds
The use of reflection bounds and their iteration has many applications, both in statistical physics and quantum field theory. Here we study some bounds which follow from the results of Section V, that we apply in [1] .
Let us introduce two pre-inner products · , · RP± on the algebras A even ± , corresponding to two reflection symmetric Hamiltonians. Let
Similarly define
As previously, one can define inner products on equivalence classes, yielding norms · .
In particular for A = B = I,
Proof. The proof of (VIII. Replacing H − by ϑ(H + ) and ϑ(H − ) by H + in the bound (VIII.3) completes the proof of (VIII.4).
IX. Acknowledgement
Arthur Jaffe wishes to thank Daniel Loss for his warm hospitality at the University of Basel, Department of Physics, and for creating the stimulating atmosphere that made this work possible. This work was supported by the Swiss NSF, NCCR QSIT, and NCCR Nanoscience.
